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Apply Lagrange Principle as follows. 

( ) ]1[ 1111~111 −−Σ= eeeeeJ T
X

T rrrrr λλ  

022 111~

1

=−Σ=
∂
∂

ee
e

J
X

rr
r λ  

111~ ee
X

rr λ=Σ  

 

 

1e
r∴  is an eigenvector of ⇒Σ

X
~ corresponding to the largest eigenvector 

 1λ is an eigenvector of 
X
~Σ  



 

Max: 

   1111~1 eeee T
X

T rrrr λ=Σ  

           = 111 λeeT rr
 

           = 1λ  

 

 

Let Xey T ~
22

r=  

max var ( )2 1 2 1 2 2 2,  ( 0),  1T Ty e e e e e e⊥ ⋅ = =r r r r r r
 

( ) ( )

( )

2 2 1 1 2 2 2 2

2 1 1 2 2
2

1 2
2

2 2
2

2 1 1 2 2

1 2 1 1 2 2

1 2 1 1 1 2 1 2

0 1

( )
(1) 2 2 0

( )
(2) 0

( )
(3) 1 0

2 2 0

2 2 0

2 2 0

     

T T
X

X

T

T

X

T
X

T T T
X

e e a e e e e

e a e e
e

e e
e

e e

e a e e

e e a e e

e e a e e e e

λ

λ

λ

λ

λ

λ

Σ − − − −

∂ • = Σ − − =
∂
∂ • = =
∂
∂ • = − =
∂

Σ − − =

Σ − − =

Σ − − =

%

%

%

%

%

r r r r r r

rr r r
r

r r
r

r r

rr r v

r r r r

rr r r r r r

1

2 2 2X

2

2

 0

       is an eigenvector

      is the 2nd largest eigenvalue

a

e e

e

λ

λ

∴ =
∴Σ =%

r v

r

 

 

證 0 1 =a  



( ) ( )

2 1

2 1

1 2 1 2

1 2

1 2

1 2

1 2

 and uncorrelated

         

    

[ ] [ ] [ ] 0

[ ] 0

0

0

0

0   uncorrelated

PCA: n-dim m-dim 

: covarience of 

T T

T T T T

T T

T
X

T

T

X

y y

e X e X

E e X e X E e X E e X

E e XX e

e e

e e

e e

X y

λ
λ

⇒

↓ ↓

= =

=

Σ =

=
≠

∴ = ⇒ ∴

→

Σ

%

%

r r% %

r r r rr r r r

r rr r

r r

r r

Q
r r

% %

%

內積為零

{ }1 2
1 1 1

1 2

1

2
1 1

 eigendecomposition

, ,

largest , ,

  ,      

m
n n n

m

T

T

m n

T
m

X

e e e

e

e
y X n m

e

λ λ λ
× × ×

× ×

↓

⋅⋅⋅

⋅ ⋅⋅

 
 
 = >
 
 
  

r r r

r

r

%%
M
r

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Lagrange Multiplier 
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