Chapter 3. Fuzzy Arithmetic

* Fuzzy arithmetic:
~Addition(+) and subtraction (-):
Let A=[a, a,]and B=[b,,b,] in R
If xe[a,, a,] and ye [b,, b,] than x+ye[a,+b,, a,+b,]
Symbolically,we write
A(+)B = [a,, 3,)](+)[b,, b,] = [a, 1), a,1b,]
subtraction:
A(-)B =[ay, a,](-) [b;, b,] = [al-b,, a)-b,]
~lmage 4
If xe[a,, a,],then its image —x €[-a,, -a,]
That is, if A=[a,, a,] then its image is A=[-a,, -a,]
Note that:
A(MA =T[a;, a))(H)[-ay, -a,] = [a-a,, a,-3,] #0
A(-)B = A(+) B=[a,,a,](+)[-b,, -b,] = [a,-b,, a,-b|]
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~Multiplication(s) and division ( : ):
(® Consider A = [a,, a,] and B = [b,, b,] in R*(nonnegative real line)
A(*)B = [a},a,](*)[b, b,] = [a, * by, a,* b,]
@ If A, B © R, then there are nine possible combinations
@ Ifk € R+ and Ac R, then
k+ A= [k, KI(*)[a,, a,] = [kay Ka,]
@For the division of two intervals of confidence in R, *, we have
A(:)B=[a;, a,] (:)[by, b,] =[a,/b,, a)/b;]

* Inverse At:
If x € [a,,a,]c R ,*, where R ,* is the positive real line, then its inverse

is I/x € [1/a,, 1/a,] and
1 1 1

A_1 = [a,a2]"" = — , — ]
a2 ail
AB= A (VR -1=la, a.1(eyf L L qop 2 az
A(:)B=A(-)B [a,a2](e)[ 57’ Dl ] [bz’bl]
for k>0

A(:)kEA(.)[;(_ =22
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« Max (v) and min (A)operations: 3-3

A(V)B = [ay, a,](V)[b;, b,] = [a;Vb,, a,Vb,]
A(~)B = [a, a,](A)[by, by] = [a;Ab,, a,Ab;,]

*Algebraic properties of addition and multiplication on intervals

Property Addition(+) Multiplication(*)

Intervals Forall A,B,Cc R Forall A,B,Cc R *
Commutativity A(+)B=B(+H)A A(*)B =B(*)A
Associativity (A(H)B)(H)C=AH)BHH)C)  (A(*)B)(*)C = A(*)(B(*)C)
Neutral number  A(+)0=0(H)A=A A1 =1(A=A
Image and inverse A(H)A=A(+H)A =0 AAT=ANHA =1

* Given two fuzzy numbers A and B in R , for a specific

a ,€[0,1], we will obtain two closed intervals, A ;= [a,(@, a)(@D ]
from fuzzy number A, and B ;2 [b,(*D,b,(¢ D] from fuzzy number B.
The interval arithmetic can be applied to these two closed intervals.
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* Let (¥%) denote an arithmetic operation on fuzzy numbers such as
addition(+), subtraction (-), multiplication(*)or division( : ).
Using the extension principle, the result A (5%) B, where A and B are
two fuzzy numbers, can be obtained:

Haos (2)7 sup min {p,(X) , pp(y)}
Z=X7y

Using the a -cuts, we have
(A (79)B), = A (¥5)B, , forall a €[0,1]
where A , = [a,(®), a,(?)], and B , = [b,(¢), b,(?)]

* For two fuzzy numbers A and B in R, we have
A, (1) B, =[a,(+b (@), ay( )b, (@]
Ay (B, = [a( b)), ab ()]
* For two fuzzy numbers A and B in R *=[0,00) we have

A,(9)B,= [al(a).bl(a)’az(a).bz(a)]
(o) ()
. _rd: a>
Aa (')Ba - [b(m’b(a)]
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* The multiplication of a fuzzy number Ac R by an ordinary
number k € R*:
(k= A), =k°A, = [ka(® ka,@)]
or,equivalently,
B (X)=pun, (xk), forallxe R
Ex 5.6:
Compute A(+)B and A(-)B,where

0 x< -6 0 x <-1
(xt6)4  6<x <2, (x+1)/5 -1<x<4
HA(X)= Mg (X)=
(xt+3)5 2<x <3 (x+10)/6  4<x<10
0 x>3 0 x>10

A(+)B
-t P
-10 15
3-6
(DFind ¢ -cuts [ a,(9), a,(®)] and [b,(®), b,(®)]
1 2 1 2
a(a)+6 -a(a)+3
1— = o and 2 =
4 ’ 5

Solving a,(?)and a,(%), we obtain
A,=[a,9, a,(D]=[4 a -6,5 a +3]
Similarly, B, =[b,(®), b,(®) ]=[5a -1 -6 +10]
@A, (#HB,=[9 a-7,-11 a +13] 2 [¢,(D), c,(@) ]=(A(+)B),

©) x=9a -7, a=x + 7
9
-x+13
x=-11a +13, @ =~
0 x < -7
(x+7)/9 7<x <2

= Hans ()T 1 2<x <13

0 x>13




A, ()B,=[10a - 1610 +4 ]=(A(-B),
10q -16=x, g 27196

10
4 —-x
-10a +4=x, « =10

0 x < —-16
X1+016 16<x < -6
zuA(—)B(X) =
-x t 4 6 < x < 4
10
0 x > 4
Ex 5.7: Compute A(-)B, A(:)B
0 x <1 0 x < 2
x -1 l<x <3 X2'2 2<x < 4
IUA(X): IUB(X):
6 3.5 <6 x 7 4<x < 7
3 3
0 X>6 0 x> 7
\ 3-8
1 -
- _A()B
0 — | | | | —
15 20 25 30 35 40
compute @ -cuts
(a )
_1 o
a = 12 1( "= 2 a o+ 1
(a)
- + 6 «
o = a . a ‘= —3a + 6

A,=[aY, a,(D]=[2a +1,-3a +6]
similarly, from p 5z(x), wehave B, =[2a +2,-3a +7]
A,()B,=[Ca +1)2a +2),(-:3a +6)(-:3a +7)]
=[4a’+6a +2,9a%-39a +42]=(A(")B),
4a2+6a +2=x, a =(3+J1+4x )4
9a 2-39a +42=x, a =(13tVl+4x )/6

Solve




" a e0,1] 3-9
0 x <2
x) (-3++1+4x)/4 2<x <12
o g (X)=
h® (13 -1+4x)/6 12<x < 42
0 x>42
ForA, ()B,=[_22+! , 3ate
-3a+7 20+2
0 x < 1—
7
7x-1 1. .3
= /uA(:)B(X): 3x+2 7 4
-2x+6 3 o4 < 3
2x+3
K()A, k=5 0 x> 3
0 x <5
% 5<x <15
X
= ﬂk(.)A(X):ﬂA(?): <430
15<x £30
15
0 x>30

* Properties of operations on fuzzy numbers:
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1.If A and B are fuzzy numbers in R, then A(+)B and A(-)B are also fuzzy
numbers

2.If A and B are fuzzy numbers in R ¥, then A(-)B and A(:)B are also
fuzzy numbers
3.There are no image and inverse fuzzy numbers A and A'!, respectively,
such that
A(H)A=0 and A()Al=1
4. (A(-)B)(+)B #A and (A(:)B) (1)B#A
To prove the above properties, the concept of « -cuts is usually used
Thm 5-1:
Let A,B,and C be fuzzy numbers in R *; then the following distributives holds
(A(H)B)() C=(A () OB (1)C)
pf:
(AMB)() C),~(A ,()B ))C ,
= ([a,'®), a)(D](+) [b®), b D] )() [0, ¢yt )]
= [ al(“)+b1(“), a2(a)+b2(0‘)] ) [Cl(a), Cz(a)]
= [ al(a)-cl(a)-i-bl(a)-cl(a), az(a)-cz(a)+ bz(“)'cz(“)]
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and  ((AC)O)HB () O),=([ 2", 3, (e, e, ()
([b, by ]C) [e)'®), eyt )]
=[a,(®)- ¢, (@) + b, (@) ¢, (@) g (@) ¢ (@)+p,(a)- ¢, (@)]
Remark: (A()B)(+)C #A(HC)()( B(+)C)
* Fuzzy minimum and fuzzy maximum:
Two fuzzy numbers A and B in R are comparable, if
a,(9<b,(®) and a,()<Db,(®) forall a €[0.1]
and we can write A <B

The fuzzy minimum and fuzzy maximum of two fuzzy numbers A and B in R
are denoted as A(A)B and A(Vv)B and are defined, respectively, by

Aa(/\)Ba = [min(al(a) 9bl(a))amin(a2(a) sb2(a)) ]:[al(a) /\bl(a) aaz(a)/\bZ(a)]

Aa (V)B a = [max(al(a) abl(a))amax(a2(a) abz(a))] :[al(a) v bl(a) 7a2(a) v b2(a)]
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Ex 5.8:
Consider two fuzzy numbers A and B with
x <-3 0 x<-4
U A(x) =\ x+3 3<x <2 and pg(x)=X (x+4)/5 -4<x<1
(-x+5)/7T -2<x<5 x+2 1I<x L2
0 x>5 0 x>2
a=a " +3 a,V=a-3 = Ag=[ar—3,~Tar+5]

a=0-adD+5)/7 af=-Ta+5
B,=[5a-4-a+2]
A,(NB,=[(a-3)arGa-4),Ta 5 AGa+2)] =[c,(9), c,(¥)]
there may be four combinations
[a,(4), a,(®)], [a,(4), by)(@)], [b)(®), a) ()] [b)(@), byta)]

a-3=5a-4,a=025; -Ta+5=-a +2, a =0.5
[S a -4,-a +2] 0< a <0.25
=A,(MNB,= [a-3,- a +2] 0.25< a <0.5
[a -3,-7 a +5] 0.5< a <1
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X=50—4,a-= X;_r4,a=O,x=—4,a=0.25,x=—2.75

X=—a+2,a=—-X+2, *=0,Xx=2,0=0.5,x=1.5

X< -4
1.0
XJSF4 A< x<-2.75
u (x) = X+3 -2.75<x<=-2 025
A(~)B - _ VAR
X+5 2<x<15 .
7
-X+2 1.5<x<2
0 X > 2
Similarly,
A, (VB, =[(a -3)Vv(5a -4), (-Ta +5)v(-a +2)] =[c,(¥), ¢,(¥)]
[a -3,-7 a +5] 0< a <0.25
A,(VIB,=2 [5a-4-7Ta+5] 025<a<05
[S a-4,- a +2] 0.5< a <1
3-14
x £ -3
+ 3 -3<x £ -2.75
X;4 22.75<x <1
Honcoe (X)= 0 Ty l<x <1.5
"X+ O | .5<x <5
7
0 X > 5

* |-R fuzzy number:
~ to increase computational efficiency
~parametric function
~ In general, a L-R reference (or shape) function, ¢(x)e[0,1]
L(x) -00<x<0
O(x)= 1 x=0 xe R
R(x) 0O<x<oo

L(x) and R(x) map R* —[0,1] and are monotonic (nonincreasing)
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~L(x) (or R(x)) is a reference function iff
(1) L(x) = L(-x)
(2) L) =1
(3) L(x) is nonincreasing on [0,+ 0]
~0(x) 1s a normal convex function = fuzzy number (LR)

Thus, L-R fuzzy number is represented by a pair of functions L&R with non-
increasing monotonicity

Ex: L(x) = max(0,1- xP), x>=0, p>0, L(x)=L(-x)
L(x) =eX, x>=0, L(x)=L(-x)

L(x) =e*
Def: A fuzzy number M is called L-R fuzzy number iff
L%, x < m
4y (x)= I x=m
X -m
R ( ) X =2 m
B

where m: mean of the fuzzy number ; o, B: left and right spreads, respectively
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Remarks:
(1) when spreads are zero = nonfuzzy number
(2) When spreads increase = M becomes more fuzzy
(3) m <0 we have a left translation
m > 0 we have a right translation
(4) If o < 1& B<1, then we have a contraction
o> 1 & B>1, then we have a dilation

Hence, a L-R fuzzy number can be represented by 3 parameters m, o, 3

M:(m> o, B)LR
1
Ex:Consider L(x)= , Rx)=——— m=5,a=2,)6=3
(0= RO=or B

L(m_x)=L(5;)= SXI «<5

o - 2

1+ (——

( 5 )
Un(X) = 1 X=5
R(x—m ):R(X—S )= | <> 5

P 3 1+2 XS‘
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~Consider A=(m, a, B); g B=(n, 1, § ) in R with nonincreasing L-R fuzzy
number

+ Addition: A(H)B =(m, a , B)g (1) (0,1, 6 ) = (mtn, a+r,+38 ),
’ Image: A=- (1’1’1, a, B)LR: (—1’1’1, Ba a )RL
+ Subtraction: A=(m, a, B);z,B=(n, 1,6 ) in R

AGB=(m, a ,B)r(-) (M, 1,8y =(mn, a +5,Btr) 15
 Multiplication:

k eR, k(A =k(*)m, a B) =< (km, ka,kB) k>0
(km, kB, -k @ )p, k<O

0 x<-1

Ex: L(X)_{m 1<x<0, R(x)-

A= (m, a 7B)LR: (35153) LR L(X):m
B = (Il,I‘, o) )LR= (69294)LR

C= (pacv}”)RL = (8’4’5)RL

JI-x 0<x<1 3-18
L(X)=
0 x=>1
0 x<2 8—x_ 2
= -7 4<x<8
JI-3%) 2<x<3 14 .
‘=
HpO =11 X3 a0 =
x-3 2 -8y s<x<i3
1-(X72 3<x<6 5
3 0 otherwise
0 6<x

A+B = (m+n, a+r, Bt 6 )= (316, 142, 3+4), .= (9, 3.7)r

A(')C - (ma a, B)LR- (p,C,., }\’)RL: (m'pa a +7\’a B+C) LR
=(3-8, 1+5, 3+4) x=(-5, 6, T)
M=(m, a, B)LR
a point
~L-R fuzzy interval:

M:(mla m25 a., B)LR
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Ly x<m, >0
o 1+ ‘
g 09 =11 xe [mi, m]
X— ?
RCZ) x> 1m, >0 |
L and R: nonincreasing functions ml  m2 X

* Consider two L-R fuzzy intervals M= (m, m,, «, ), and
N=(n,, n,,r, 0 )z in R with nonincreasing L and R reference functions
~Addition:

M(H)N = (m;, m,, &, B)r(+) (0, 0y, 1, 6 )1
=(m;+tn;, mytn,, @ 41, B+5) 5
~Image: ___
M=-(mim2,a,0)r=(-m2,-m1,5, & )rL
~Subtraction:
M= (m;, m,, a,B)gr and N=(n;, n,.1, 5 )y
M(-)N = (m;, my, @, B);r(-) (0}, 0,1, 6 g
= (mp-nymy—ny, @ + §,Prr)
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~Multiplication:
ke R, k()M =k(*) (m;, my, @, B)x
{(kml,kmz,ka,kﬂ)m k>0

(km2,km1k| 8, k|or)m k<0
Ex: Consider setting up a budget from three sources:

source A: A certain and precise amount of $60k
source B: may range from $60k to $120k. But it is
reasonable to except an amount of $70k to 100k

source C: may amount to $30k but not be more than $50k

LLULEL TN L

I |
60 K$ 0 ©6%0 100120 K§ O 30 50 K$ 150490230 K$
source A source B
Source C total S




L(x) = R(x) = max(0, 1-x), x€ R~
A = (60, 60, 0, 0), 5, B = (70, 100, 10, 20), 5, C = (30, 30, 0, 20),
S=AM#HB®H)C
= (60, 60, 0, 0),  (+) (70, 100, 10, 20),  (+) (30, 30, 0, 20),
= (160, 190, 10, 40)
the possible amount is $150,000 to $230,000 and
the expected amount is $160,000 to $190,000
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