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Chapter 2. Fuzzy Relations

* Traditional crisp relation : based on the concept that everything is either
related or unrelated.

 Fuzzy relation : allows various degrees of interactions between elements.

» A crisp relation among crisp sets X, X,,- - - , X,isacrisp subset

on the Cartesian product X;x X, x - - - X X, . Thisrelation is denoted
by R(X{,X5 - - - ,X,). Hence

R(X1, Xy, =+« X)C XXX - - o x X,

where XX X,X - - - X X ={ (X, %X, = - Xy) |Xe X, IE
{1- - -, n}}.

It's interpreted that relation R exists among { X;, X5+ - -, X, } if
thetuple ( X4, Xp,0 + + X,)isintheset R( Xy, - - -, X,)).
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» Fuzzyrelation:
A fuzzy set defined on the Cartesian product of crisp sets { X;,X, ...,
Xn }, where tuples (x4, X5, ..., X, ) may have varying degrees of
membership Ui (X4, X5, ..., X,,) withinthe relation. That is:

R(X1 Xz Xa) 3 46, %) (%% %), %, € X

e. g. Consider two crisp sets X; and X, . Then

R(X1, X)) ={ (X1, X2) s Hr (X1, X)) | (X1, Xo)e XXX, }
iIsafuzzy relationon X; X X, .

EX:
Let X ={X;,X%X,} ={ New York City (NYC) , Tokyo (TKO) }
Y={Vy1,¥2,Y3}
={ Taipe (TPE) , Hong Kong (HKG) , Bgjing (BJI) }.
R: “very close”




Crisp relation : may be defined by the following pg (X; , Vi)
Y1 Y2 Y3
TPE HKG BJ
Xx; NYC O 0 0
x, TKO 1 1 1
Fuzzy relation :
Y1 Y2 Y3
TPE HKG BJ
X; NYC 03 0.1 0.1
X, TKO 1 0.7 0.8

R(X,Y) =0.3/(NYC,TPE) + 0.1/(NYC, HKG) + 0.1/(NYC, BJI )
+1/(TKO,TPE) + 0.7/(TKO, HKG) + 0.8/(TKO, BJI )
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Ex: X =Y =R1 xe X,ye Y.
Fuzzy relation R = “y is much larger than x” on XxY .
0 X 2y
MR (X, Y) =
S S
. . 1+[5/(y-%7]
* Binary ( fuzzy ) relation
A fuzzy relation between two sets X and Y and is denoted by R( X ,Y ).
Let X ={X;, X5, + - X, tand¥Y ={y;,¥>- * ¥n}.R(X,Y )canbe
expressed
by annx mmatrix as: | 4, (% Y) M (.y,) - - 0 M (x,yy) |
/uR(XZ’yl) U (X5,¥,) = - Up(X,,¥,)
R(X,Y) = :
_/uR(Xn’yl) ﬂR(XnayZ)‘ o ﬂR(Xnaym)_

Such amatrix is caled afuzzy matrix




» Domain of a binary fuzzy relation R(X, Y):
the fuzzy set “ dom R(X ,Y) ” with
Haomr (X) = max #x(x,y) for each xe X

yeY

» Range of a binary fuzzy relation R(X, Y):
the fuzzy set “ ran R(X,Y)” with
Heae (Y) = max “e(x.y) foreachy e Y

* Height:
H(R) = SUP SUP ux(x.,Yy).

yeY xe X
if H(R) =1, Risanormal fuzzy relation .
* Resolution form :

every binary fuzzy relation R (X , Y) can be represented by

R= [J aR,

ae g

Ex: (0.4 0.5 0 ]
0.9 0.5 0
0 0 0.3
0.3 0.9 0.4

(1 10] (1 10] 010] 00 0]
R:0.311O+O.4110+O.5110+O.9IOO
001 000 000 000
11 1] 011 010 010

» Operationson fuzzy relations :
~ Projection :
Given afuzzy relation R(X , Y) . Let [R | Y] denote the projection of R on
toY.Then[R | Y] isafuzzy set (relation) in Y, whose membership
function is defined by

'U[Riv](y): m?XﬂR(Xi)’)




Remark : the max operator may be replaced with any t - conorm.
Ex3.5: Consider i 5V %

x(Q205 1 0 06
RXY)= %01 0 Q7 04 0
%0902 0 @2 1

[R | X]=21x,+0.7/x, + 1X,
[R | Y]=0.9y, + 0.5y, +1ly; +0.4ly, +1/y.

Let X;={a,b}, X,={c,d},X;={f.qg}.

R (X, X,, X5) = 0.3/acf + 0.7/adf + 0.1/bcg + 0.8/bdf + 1/bdg .

Ri, =[R | { X1,X;}]=0.3/ac+0.7/ad + 0.1/bc + 1/bd .
Ris =[R | { Xy, X3} ]=0.7/af +0.8/bf + 1/bg .
R,z =[R | { X5, X3} ]=0.3/cf +0.1/cg + 0.8/df + 1/dg .

R, =[R| X,]=07a+1b.
R,=[R | X,]=03/c+1d.
R,=[R | X;]=08/f +1/g.

e Cylindric extension:
Given afuzzy relation R (X) or afuzzy sst Ron X, let[ R 1 Y ] denote the
cylindric extensionof RintoY. Then[ R 1 Y ] isafuzzy relationin XxY
with Hrt v (XLY)=HR(), X X,ye Y.
Equivalently, assume XxY isthe whole Cartesian product space.
Let R beafuzzy set on X, where X ={ X3, X5, * * X, },
then [R 1} Y]=
wherewe consider that Y = 1/y, + Uy, + - - - +1ly,.




Similarly, if Risafuzzy setonY , then
[R 1 X]=XxR,
egd. X={XuX},Y={yn,VY,}. R=pPr(X)/X1+ Hr(X)/X,,and
Y = Uy, + 1y, , then
[R T Y]=RXY =pr(Xa)/(X1, Y1) + Hr(XD/(X1 , Y2) + Hr(X2)/(X2.Y1)

+ Ur(X2)/(X2,Y2)-
~ the concept of cylindric extension can be used to extend anr —ary relation
R(Xy- - - X)toann—aryrelation R(Xy, X, -+ X, ,- - ,X,)wheren
ST Vi Yo Y5 Y4 Y5
£y 36 1 1 1 1 1 |x%

0.7 0.7 0.7 0.7 0.7 %

[[RV X] 1 Y]l= |q 1 11 1% [R | X]=1x;+0.7/x, + /X3
09 051 04 1

[[RV Y]+ X]I= (09 051 04 1 [R | Y]=0.9/yl+ 052 +1/y3

09 05 1 04 1 +0.41y4 +11y5
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~ Observation :
Fuzzy relations that can be reconstructed from one of their projections by
cylindric extension are rather rare.

Solution :
reconstruct the fuzzy relation from several of its projections.

 Cylindric closure:
LetY =Y xY,x --- XY, bethe whole Cartesian product space, where Y;
may be more than one dimension. Given a set of projections of afuzzy relation
{ R |RjisaproectiononY;,ie[1,n]}.
The cylindric closure of these projections, denoted ascyl {R; } isdefined by
cyl{R} =
[Re T (Y=Y)IN[R P (Y=Y)IN- - = - N[Ry T (Y=Yy)l.

where (Y —Y, ) isthe Cartesian product space without Y; ,
e YixYx - -+ YigxYix - - Y,,and N:t—norm operator.




Ex3.7: (from Ex 3.5)

_ [Riz 1 X4 [Ris X [Roz 1 X
(a,c,f) 0.3 0.7 0.3
(a,c,9) 0.3 0 0.1
(a,d,f) 0.7 0.7 0.8
(a,d,qg) 0.7 0 1
(b,c,f) 0.1 0.8 0.3
(b,c,qg) 0.1 1 0.1
(b,d,f) 1 0.8 0.8
(b,d,g) 1 1 1

Yl { Ri2,Riz, Rog} =[Ryx 1 X3] M[Rys T Xo] M [ Ry 11Xy ]
= 0.3/acf + 0.7/adf + 0.1/bcf + 0.1/bcg + 0.8/bdf +1/bdg .

~LeR=2[R| X]and Ry2[R | Y],andthen.
eyl { R« .Rv}=[Rx P YIN[Ry t X]=[RxXY]N[XXRy]
:RxXR{.

Remark : R( X, Y ) RyxR,
Ex 3.8 : (from Ex 3.6)
RyXRy=[[R | XT?TY]IN[[R{ Y] 1 X]
09 05 1 04 1
= |07 05 07 04 07
09 05 1 04 1
~ For afuzzy relation R(X , Y) , theinverse fuzzy relation RY(Y , X) isa

relation defined on YX X by
B (YX) £ s (xyy), forall (x,y) € X xY .




Ex:
X={X,X%X,X3} , Y:{Y11Y2}

Yi Y2 X % X

x,(02 1 2 0 08

RX.Y)=yx| 0 04 F(l(Y,X):zl(l 0 0)
x,(08 0 ’

» Composition of fuzzy relations

~ there are two types of composition operators :
max—min and min—max compositions.

~ these compositions can be applied to both relation—relation compositions
and set— relation compositions.

~ relation—elation compositions:
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1. Let PX)Y) and Q(Y,2) betwo fuzzy relationson X XY and YXZ .
The max —min composition of RXY) and AY.2) , denoted as
P(X.Y) - Q(Y.Z) isdefined by

Moy (62) & max min [ 4, (), Ho(y.2)] . x€ X, 26 Z

2.
The min —max composition of PX.Y) and Q(Y.Z) | denoted as
P(X,Y) *Q(Y,Z) isdefined by
Hpog(X,2) = min max [ (xy) , fo(v:2)]. xe X, 2€ Z.
Ex:
X={x,%}. Y={y1.¥2,¥3},Z2={2z,%}.
Vi Yo Vs oo

y,(05 1
PX,Y) = )(1(0.3 0 0.7] QY. 2) = | [ 0 0_9]

X\08 1 04 y;( 0.2 0.6




05 1

PoO(X,Z) = 03 0 0.7 o 00
77108 1 04 '

0.2 0.6

(08A05V(AOV(04A02) (08ADV(LAOYV(04A06)

Zl ZZ
- x,(03 0.6
x, 0.5 0.9

X:{ Peter’Maryl‘]Ohn}1Y={ yl’y2’y3’y4} ={ theory’
application , hardware , programming}, Z={ FT,FC,NN,

((03A05)v(oA0)v(07A02) (0.3/\:DV(0/\0.9)\/(0.7/\0@J

ES}.
P(X,Y) : student’sinterest, (XY, 7): course property.
v Yo V5 Va FT FC NN ES
Peer(02 1 08 01 (1 05 06 01
PX.Y) = QY. 2)= y: 02 1 08 08

Mayl 1 01 0 05

Toml05 09 05 1 Y 003 070

y,\0.1 05 08 1

FT FC NN ES

Peter(02 1 08 08
P-Q=Mary| 1 05 06 05
Joom{05 09 08 1

~ set—relation composition :

1.

Let A beafuzzy set on X and R(X , Y) be afuzzy relation on X XY .
The max-min composition of A on R(X , Y) , denoted asA°R(X ,Y),
is defined by

Har(Y) =max  min[g, (x), e (x,y) Jforall ye Y.

Fuzzy input Fuzzy relation Fuzzy output B . on'Y

A on X RX,Y)




X=Y={1234},A:“smal” A=11+06/2+0.23

R: roximatel ual.
PP Yy Yi Y2 Y3 Y4

1 05 0 0)x

A°R(X,Y)=(1 0.6 02 0):/05 1 05 0|,
0 05 1 05]|x

0O 0 05 1)x
=(1 06 05 0.2).

B=1/1+0.6/2 +0.5/3 +0.2/4

2. The min —max composition of A and R(X , Y), denoted asA-R(X , Y), is
defined by

Hacr(Y) = min max [4,(0) , #z(x, )], forallye Y.

 Various Type of Binary Fuzzy Relations
~reflexive :
A fuzzy relation R(X , X) isreflexive iff
Mr(X,X)=1, foralxeX.
If thisis not the case for some x e X , then R(X , X ) isirreflexive. If
thisisnot the case for all x€ X , then the relation is called antireflexive .
~ symmetric:
A fuzzy relation R( X , X) is symmetric iff.
UK Y) =y, X) forall X,y € X.
If it is not satisfied for some x, yeX , then the relation is called
asymmetric . If the equality is not satisfied for all member of the support
of the relation, then it is called antisymmetric. If it is not satisfied for all
X ,ye X, then R(X , X) iscaled strictly antisymmetric.




~ transitive:

A fuzzy relation R(X , X) istransitive (or more specifically , max —

min transitive) iff

Ue(X,2) = ma minfgg (X, y) , 4 (y,2)]. forall (x,z) € X*.

If this is not true for some membersof X, R ( X , X ) is caled
nontransitive. If the inequality does not hold for all (x , z)€ X2,
then R(X , X) is called antitransitive.

generalization :

Ue(X,2) 2 max t [y (x,y) , Ur(y,2)] .

e.g. max-product transitive

H(x2) 2 max [ ()t (2] (x2)e X’

Ex: 1 08 03
R,= |03 1 06
04 0 1

(reflexive)

1 05 07
05 03 01
07 01 O

C

(symmetric)

1 0 06
01 03 08
05 0 05

e

(strictly antisymmetric)

0 07 02
05 0 03

03 1 09
Rb =

(antireflexive)

01 0 07

Ry= [0 1 02

0 03 02
(antisymmetric)

01 05 Q7
R= |0 1 02
0 03 02

(transitive)




01 05 Q07 01 05 02
R = = R oR

0 03 02 0 03 02

Ex: “x andy arevery near”
is reflexive, symmetric and nontransitive.
“ x isgreatly smaller than y”

is anti reflexive, strictly antisymmetric, and transitive,

* Transitive closure ( Ry(X, X))
The transitive closure of afuzzy relation R(X , X) isdenoted by Ry(X , X) ; itis
a fuzzy relation that is transitive and contains R(X , X), and its elements have
the smallest possible membership grades. When X has n eements, R{(X ,
X) can be obtained by
Ri(X,X)= RUR*U----UR", where R=R"0oR i>2.
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Ex:Let X ={x;,%;,%3} .and
01 05 02 04 05 05
R= 104 07 o7 R2=R-R=|04 07 07|,
0 01 04 01 01 04
04 05 05 04 05 05
R3= (04 07 07|, Ri(X ,X) =R\ UR?\_R3= |04 07 07
01 01 04 01 01 04

» Fuzzy Relation Equations:
Let A be afuzzy set in X and R(X,Y) be a binary fuzzy relation in
XXY. The set - relation composition of A and R, A°R, results in a
fuzzy setin Y. Let us denote the resulting fuzzy set as B. Then we have
A°R=B.
and

Ug(Y) = Uar(y) = max min[#, (x),4; (x.)].




~ Basic problem :
giveany two itemsof A , B and R, how to find the third ?

P1l: GivenAand R, determineB .

Ex3.21: e %o
x[07 1 04
A = O.2/X1 + O.8/X2 + :UX3 . R= %, 05 09 06
%02 06 03
07 1 04
B=AoR=(020.81)405 09 06| =(050.80.6)
02 06 03

B =0.5/yl1+ 0.8/y2 + 0.6/y3

P2 : Given A and B, determine R.
P3: Given R and B, determine A.
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Thm 3.1:

P2 has solutions iff the height of the fuzzy set A is greater than or equal to the
height of the fuzzy set B , that is
(*) T&X U, (x) 2 Uy(y), forallye Y.
Pf: =>if (*) doesnot hold, i.e. ~ MaX 4, (X) < 4 (y) , for some y € Y.
Then no pr(X,y) satisfies
Hg(Y) = tpr(y) = MBX minf4s, (x) , 4 (x, Y] .
<=letx'€ X and pa(x") =max  f, (x)

define the membership function of R as

(X, Y)=p(y)  forallye Y
U (x,y)=0 forallxe Xandx # x,yeY

We have pa.r(y) =Max min [4, (X) , fy (x,y )]




= min [Ua(X*) , Ur(X*,Y) ] = min [Ua(X") , He(Y) ] = Ha(Y) -
~ o —operation :

Forany a, be [0, 1], the o - operator is defined as

aubal L if a<b
| b if a>b.

- Composition :
~ For fuzzy setsA and B in X and Y, respectively , the . - composition of A
and B forms afuzzy relation A . B in X XY which is defined by :

1 if palx) < pa(y)

IUAAB(X’ y) é -
l,lA(X) a uB(y) { HB(y) HA(X) >|.lB(y)
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~The a —composition of afuzzy relation R and afuzzy set B is denoted by

R <>B, and is defined by

Heo g ()= Mine(%,y) @ p1g(Y)]

Thm 3.2
Let R be afuzzy relation on XXY. For any fuzzy setsA andBinX and Y ,
respectively, we have

R c A ¢ (AoR) -vovvvrnenn. (%)

Pf: (*):
Hae ypry X V) = 1,00 & g () = (%) @ [1m2X (1, (2) A g (2, V)]
=i @ { max [ max (4,(2) A2 Y),14,00 A Ly (K31
> 1, X) o[ 1) A &Y ] 2 hLEY) .




(%)
'qu(A<L>B)(y) = I‘gleaXX[,UA(X) AHM, e (XY
=max {4, () A [Ha0) & (]} < p5(y)
Thm 3.3:

If the solution of P2 exists then the largest R ( in the sense of set — theoretic
inclusion ) that satisfies the fuzzy relation equation A°sR=B is R.
R=AGB.

Pf:from (**),  Ao(AcB)CB, wehae AR < B - (1)

from ("), Rc A<>(AoR). If AcR=B,wehaveR ¢ R .- 2)

By the monotonicity of max—m| n composmon We obtain
ARcARle BcAR -------- (3)

from (1) and (3), A°R =B.
from (2) , R isthelargest solutionto A-R=B.

Ex 3.22:
From Ex 3.21, A =0.2/x;+ 0.8/x, + 1/x5, B = 0.5/y; + 0.8/y, +0.6/y; .

i Y2 %3
X (0.2 vy x(1 1 1
R=A-B =x,08 H(O.5 0.8 0.6) =x%/05 1 06
X1 X105 08 06
CheCk:RcIi
Thm3.4:

Problem P3 has no solution if :

max ue(x, y) < ug(y) .

Remark : ;uB(y): rllaxx min [ u,(X), ue(X,y)].




Ex 3.23: "y,
x (0.8 05

Ao R= (Up(X) Ua(X) Ua(Xs))oX%,| 1 0.7 | = (0-5 1): B.
X;10.3 0.2

nxg(x,uR(x, y,) = max(0.5 0.7 0.2) = 0.7 < uy(y,) =1
no solution
Thm3.6:
If asolution to problem P3 exists, then the largest fuzzy set A that satisfies
A°R=BisA : ) )
A= R & B
whose membership function is given by

oo g)2MIn [ (x,y) @ ty(y) ]
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Ex3.24 :
Y1 Yo VY3

X, (0.7 1 0.4 y,( 0.5
A =R < B(x) 2 x,/]05 09 0.6 |«< vy,|0.8
x,10.2 0.6 0.3 y, 0.6

0.5A0.8A1 X, (0.5

=| 1A0.8A41 = X,| 0.8

1A1A1 X4 1




